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Introduction 

Characterizations of the convolution of Roumieu type ultradistributions through the dual- 
ity arguments for integrable ultradistributions was an open problem for many years. This 
paper gives such characterizations. 

The existence of convolution of distributions was considered by Schwartz [14], [15] 
and later by many authors in various directions. In [14], it is proved that if 5, T G 
V (M'^) are two distributions such that S ® T E V^i (R^'^) then the convolutions S * 
T can always be defined as an element of V (M'^) . Later on, Shiraishi in [16] proved 
that this condition is equivalent to the condition that for every (p G 
P^i (M^). Many authors gave alternative definitions of convolution of two distributions 
and were proved that are equivalent to the Schwartz's definition (see, for example [l]-[4], 
[9]- [11], [16], [17]). We refer also to an interesting resent paper related to the existence 
of the convolution [9]. In the case of ultradistributions, the existence of convolution of 
two Beurling ultradistributions was studied in [12] where the convolution is defined in 
analogous form to that of Schwartz. Later, in the case of Beurling ultradistributions, in 
[5] was proved the equivalence of that definition and the analogous form of the Shiraishi's 
definition, as well as few other definitions. Our goal here is to give the equivalence of the 
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Schwartz's and Shiraishi's definition in the case of Roumieu ultradistributions. Note that 
the sequential definitions or definitions through the Fourier transformations (and positions 
of wave fronts) are not considered in this paper although with the presented results such 
characterizations can be obtained. Our investigations are related essentially to the analysis 
of tensor product topologies within Roumieu type spaces so that the characterizations of 

convolution appear as consequences of characterizations of the e tensor product of B^^^^^ 
and a locally convex space E. Topological structure of Roumieu type spaces involves more 
complicated assertions and the proofs than in the case of Beurling type spaces where one 
can simply transfer the assertions from the Schwartz theory. 



1 Preliminaries 

The sets of natural (including zero), integer, positive integer, real and complex numbers 
are denoted by N, Z, Z+, M, C. We use the symbols for x e W^: {x) = (1 + |xp)^/^, 
D"" = D^\.. D"' = i-^d'^i/dx'"' , a = (ai, as, • • • , aa) E N^. A closed ball in M"' 

with the center at Xq and radius r > is denoted by K^d{xQ,r). As usual, in this theory, 
by Mp, p G N, Mq = 1, is denoted a sequence of positive numbers for which we assume 
(see [6]): (M.l) < Mp.^Mp+i, p G Z+; (M.2) M„ < CoHP min {Mp_„Mj, p, g G N, for 

oo 

some Co,H > 1; (M.3) ^ Mp_i/Mp < CoqMjMg+i, q E Z+. 

p=q+l 

For a multi- index a G N'^, Ma means M\a\, \a\ = ai + ... + a^. 

Let U C M*^ be an open set and K G U he a. compact set. We will always use the 
notation K CC U. Recall, S^'^p^'^ {K) is the space of all (f G C°°{U) which satisij pK,hi4>) = 

sup sup ^ i^^^/r < and X>\^^^^'^ as its subspace with elements supported by .ft'.Then 
£i^^\U) = hm Ijm £^'"'-^^\K), vf'^ = Ijm vf'^^\ V^''-\U) = lim vf'\ The 

KCCU h-+oo h-^oo KCGU 

spaces of ultradistributions and ultradistributions with compact support of Roumieu type 
are defined as the strong duals of T)^^^p^(U) and £^^^p^(U). We refer to [6] for the properties 
of these spaces. In the sequel we will exclude the notation U when U = M'^. 

As in [6], we define ultradifferential operators. It is said that P{^) = c^^", ^ G M.^, 

is an ultrapolynomial of the class {Mp}, whenever the coefficients satisfy the estimate 
\ca\ < CL'^Ma, a G N'^, for every L > and the corresponding Cl > 0. Then P{D) = 

CaD"" is an ultradifferential operator of the class {Mp} and it acts continuously on 
Si^^p}(^U) and T)^^^p^(U) and the corresponding spaces of ultradistributions. 

By £H is denoted a set of positive sequences which monotonically increases to infinity. 

k 

For (tj) G denote by Tk the product Y\_^i ^^'-^ Tq = 1. It is proved in [8] that the 
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\D°'ip{x)\ 

seminorms pK,{t-){'^) — ^^P ^^P 5 when K ranges over the compact subsets of 

a&i''- x&K 

U and (tj) in 9^, give the topology of S^^^p^U). Also, for K CC M'', the topology of 
2)^p} jg given by the seminorms pK,{tj), when (tj) ranges in IH. From this it follows that 
p{Mp} _ D^^^^^, where v'^^^^^ ^ is the Banach space of all C°° functions supported 

by K for which the norm PK,{t ) is finite. In the next sections we will need the following 
technical result. 



p+g p 



Lemma 1.1. Let (tp) G D\. There exists {t'^) G such that t'^ < tp andY[t'j < 2^^"^ JJ^i 

j=i i=i 

q 

l[t',,for all p,q e Z+. 

Proof. Define t[ = ti and inductively t'j = min i^tj, x '^i^ij'' ^"^^ ^ 2, j G N. The 

monotonicity of {tp) implies t'^j^^ > t'j, j G Z+. To prove that t'j 00, assume the 
contrary. Then, for large enough jo and for j > Jq, t'j = {j/jo)t'j^ — )■ 00, j — )■ 00, which is 

a contradiction; so (t'j) G D\. Note that, for all p,j G Z^, we have t'p_^_j < — — t'^; thus, 
rr' — T' . TT y-' < (p + q)\ , I p^g f , 

As in [13], we define vj^J,^^ (M*^) as the space of all C°° (M*^) functions such that, 

for every {tj) G 91, the norm ||v5||(tj) = sup sup ^ rp'^}^ is finite. The space vj^^^ 

is complete Hausdorff locally convex space (from now on abbreviated as l.c.s.) because 
v'^^^^ = hm -J, where (-j,-) is a Banach space ((_B) - space) of all C°° functions 

for which the norm || ■ is finite. Denote by B^^^p^ the completion of V^'^^p^ in ^{^If''^. 
The strong dual of B^^'^p^ will be denoted by f)'^^^^^ . In the next sections we will need the 
following lemma that characterizes the elements of B'^^^p^ . 

Lemma 1.2. ip G B^^^p^ if and only if ip & T>j^J^^^ and for every e > and {tj) G 91 there 
exists a compact set K such that sup sup — < e. 



Proof. Let E be the subspace of vj^^^ defined by the conditions of the lemma. It is enough 
to prove that E is complete and that D't^^p} is dense in E. By the standard arguments one 
can prove that E is closed and so complete. The proof will be done if we prove that V^^p^ 
is sequently dense in E. Let p E E. Take x ^ V^^^p^ such that x = 1 on the ball Kj^d{0, 1) 
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and X = out of K^d{0,2). Then iD^'xix)] < Cih^'^^M^ for some /i > and Ci > 0. For 
n E Z+, put Xn{x) = x(x/n) and = Xn'^- Then G P'f^^pj'. Let (tj) E 9^. We have 

^ |1 - x{x/n)\ \DM^)\ V- M |-P^x(x/n)| \D^-^v{x)\ 
^ |1 - x(x/n)| \DMx)\ C,M{t,/2) ^ /a\ /i'^'T^-z^ 

/3<a ' 

n 

independently of x and a, for large enough no- This implies the assertion. □ □ 

Also we have the following easy fact. 
Lemma 1.3. The bilinear mapping vj^^^ xB^'^'^''^ — y B^^^^\ ^ f^P, is continuous. 

2 £ tensor product of B^^p^ with a complete l.c.s. 

Let E and F be l.c.s. and Cc{E, F) denote the space of continuous linear mappings from 
E into F with the topology of uniform convergence on convex circled compact subsets of 
E. E'^ denotes the dual of E equipped with the topology of uniform convergence on convex 
circled compact subsets of E. As in Komatsu [8] and Schwartz [14], we define the e tensor 
product of E and F, denoted by EeF, as the space of all bilinear functionals on E'^ x F^ 
which are hypocontinuous with respect to the equicontinuous subsets of E' and F'. It is 
equipped with the topology of uniform convergence on products of equicontinuous subsets 
of E' and F'. Moreover, the following isomorphisms hold: 

EeF = C,{E'^,F) = C,{F^,E), (1) 

where {E'^, F) is the space of all continuous linear mappings from E'^ to F equipped 
with the e topology of uniform convergence on equicontinuous subsets of E', similarly for 
C^{F^,E). It is proved in [14] that if both E and F are complete then EeF is com- 
plete. The tensor product _E ® F is injected in EeF under (e ® /)(e', /') = (e, e')(/, /'). 
The induced topology on E ^ F is the e topology and we have the topological imbedding 
E®,F ^ EeF. 

We recall the following definitions (c.f. Komatsu [8] and Schwartz [14]). The l.c.s. 
E is said to have the sequential approximation property (resp. the weak sequential ap- 
proximation property) if the identity mapping Id : E — Y E is in the sequential limit set 
(resp. the sequential closure) oi E' ® E in Cc{E, E). The l.c.s. E is said to have the weak 
approximation property if the identity mapping Id : E — y E is in the closure oi E' ® E 
in Cc{E,E). We also need the next proposition ([8], proposition 1.4., p. 659). 
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Proposition 2.1. // E and F are complete l.c.s. and if either E or F has the weak 
approximation property then EeF is isomorphic to E®^F . 

For CC M"', we denote by Co (A') the {B) - space of all continuous functions supported 
by K endowed with || ■ ||loo norm. 

Lemma 2.1. Let Ki and K2 be two compact subsets o/M'^ such that Ki CC intii'2- Then 
there exists a sequence Sn of {Cq{Ki))' ® Co(A'2) such that Sn — > Id, when n — )■ 00, in 

Proof. For every n G choose a finite open covering t/^^ „} of Ki of open 

sets each with diameter less than 1/n such that Uj^n ^ intA'25 j = l,---,^n- Let Xj,n, 
j = 1, kn, be a continuous partition of unity subordinated to {Ui^n, f^fc„,n}- For every 

j G {l,...,kn}, choose a point x^- „ G supp Xj,n H Ki. Define 5„ = ^ 5 (• 

i=i 

(Co(A'i))' ® Co(A'2)- Let V = {ip E Co(A'2)|||</'||l°° < and B a compact convex circled 
subset of Co{Ki). Let M{B, V) = {T e C {Co{Ki),Co{K2)) \T{B) C V}. By the Arzela - 
Ascoli theorem, for the chosen e there exists r] > such that for all x,y & Ki such that 
|x — ?/| < 77, Iv^l^:) — f{y)\ < £ for all ip E B. Let % G N is so large such that I/uq < 77. 
Then, for n > uq and x G A'l, we have 



i=i i=i 

kn 

< fe) - </?(x)| Xi,n(a;) < e, 

for all (p E B. Note that, for x G K2\Ki, <p{x) = and |S'„(v9)(x)| < \(p {xj^n)\ Xj,n{x) < 

e. So, 5„ - Id G V) for n > tiq. □ □ 

Lemma 2.2. B is a precompact subset of B^^^^^ (W^) if and only if B is bounded in 
^{Mp} ^^d^ y^j, every e > and (tj) G Dl, there exists K CCR'^ such that 

sup sup < £. 

Proof. ^. Let e > and {tj) G 9^ and V" = |^ G < £/2|. There exist 

yji, ...,V9„ G B such that for each ip E B there exists j G {1, ...,n} such that G </?j + V. 
Let A' CC M'' such that \D'^ipj{x)\ /{To,Ma) < - for all x G W^\K, a G N"^, j G {1, ...,n}. 
Let ip E B. There exists j G {1, n} such that — < 6/2. The proof follows from 

\D''ip{x)\ ^ \D'' {ip{x) - ipj{x))\ £ e ^^rf 
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^. Let V = ^Lp e -B^^^f^ {R'^) \ y\\{t,) < Since B is bounded in the Montel 

space S^^^p^ (K'^), it is precompact in S^^^p^ (W^Y Thus, there exists a finite subset 
Bq = {ifi, ...,ipn} of B such that, for every E B, there exists j G {l,...,n} such that 

\D°'Lp(x) — D°'Lp-(x)\ 

PK,{tj){'^ — V'i) ^ If <^ G -B is fixed, take such (pj G -Bq- Then, < e, 

for all x G -fC, a G N'^. Also, by the assumption, 

I^Xx) - \D''^j{x)\ e e_ 



for all a; G M^\A', a G N"'. So, the proof follows. □ □ 

Proposition 2.2. iJ^^-^p^ (^M"') /ias the weak sequential approximation property. 

Proof. Let Kn = Ku40,2''-^), n > 1. Let 9 e V^^^"^ is such that ^ = 1 on K^d{{),l/2). 
Define On^x) = ^(x/2"), n G Z+. Then 9^ G and e„ = 1 on Kn- Let T„ G 

£ (M^) , (M^)), defined by T„(</?) = Let /i G > 0, is such 

that / jj{x)dx = 1 and define a delta sequence = m'^fJ^im-), m G For each fixed 
n G Z+, by lemma 2.1, we find 

Jfc,n 

,n 

/=1 

such that Sk,n — > Id, when k — > 00, in £c (Co(-R'n+i), Co(-R'„+2)), where Xhk,n are con- 
tinuous function with values in [0, 1] that have compact support in int-R'„+2 and xi^k,n are 
points in supp Xi,k,n H Kn+i- Moreover the support of Xi,k,n has diameter less then 1/k and 

^Xz,fc,n(a:) < 1 on Kn+2 and ^Xi,/fc,n(a;) = 1 on Kn+i- Define, k,m,ne Z+, 
z=i «=i 

3k, n 

Tk,m,n = ^ 6'n<^ (■ " Xi^k,n) ® (/^m * Xl,k,n) and T^^^ : (p ^ Tm,n{4>) = flm * {9n^)- 
1=1 

First we prove that for each fixed m,n E Z_|_, Tk^rn,n T„i^ni when A; —t- 00, in 

Cc {b^^-^p^ (M"') (M"')^. Let V = ype B^^^^^ [W^) |||v?||fe) < e}, 5 a convex circled 

compact subset of iJ't^^pj' (M'^) and 

V) = |t G £ (-B^^^''^ (M'^) , i?^^^''^ (M'^)) T(5) C y| 
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(a neighborhood of zero in \B^^^^'^ (M'^) , (K'^) j)- Let ^^B. Then 



,n) Xl,k,n 



1=1 



< m'^||/i||(t^,/„) / ^\On{xi,k,n)<^{xi,k,n) -On{y)<^{y)\xi,kAy)dy- 

J Kn+2 I — I 

Because the mapping ip H- 6'„(y9, ^i^^p^ (M"^) — ). Co(-R'n+i) is continuous, it maps the 
compact set i? in a compact set in Co(-R'n+i), which we denote by Bi. By the Arzela - 
Ascoh theorem, for the chosen e there exists 77 > such that for all x,y & Kn+i such that 

ipeB. 



\x-y\<T]^ \en{x)^{x) - en{y)^{y)\ < II ppp — r 

^ \\f^\\itj/m)\Kn+2\ 

If we take ko large enough such that 1/ko < t], then, for all k > ko, 

That is Tk^rn,n ~ Tra,n ^ ■M.{B, V) for all k > kQ. Now we prove that, for each fixed n G Z+, 

Tm,n — y T„, when m — ^ 00, in Cc {R'^) , > {R'^)y We use the notation as 

above. Because of lemma 1.1, without losing generality, we can assume that (tj) is such 
that Tp+g < 2P+'?TpTg, for all p, g G N. Then, for G S, a G N'^, x G R"^, 



|D"T^,„((^)(x)-L'"T„((^)(x) 



< / f^miy) 



\D^{6n^){x-y)-D''{en^){x) 



-dy. 



Let t[ = ti/{AH) and t'^ = tp^i/{2H), ioi peN,p> 2. Then {t'-) G IH. For the moment, 
denote 6'.„(/) by By the mean value theorem, we have 

\D"Lpn{x - y) - D'^Lpn{x)\ < Vd\\Lpn\\{tr)TL+iMia\+i\\y\ 



< 



Cot 1 Ml a/^I I ipri 1 1 (f. )TaMa 



Note that ||v5n||(tp < ||6'||(f^,/2)||v'||(t^./2)- So, by the definition of /im, we obtain 
|D°T^,„(y^)(x) -D" T„(y;)(x)| ^ CotiMiv ^||g||ft../2)||y||(t^./2) 



2m 



Now, there exists C > such that sup ||</?||(t',/2) < C*- If we take large enough rriQ, such 
that 1/mo < 25/ (^CoCtiMiVd|| 6*11(4^ /2)) , then, for all m > mo, T„,„ - T„ G A^(fi,y). 
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Now, we prove that T„ — > Id in Cc i^B^^''^^ (M'^) , B^^''^^ (M'^) j . Let B, V and M{B, V) 

be the same as above. There exists C > such that ||(/'||(tj/2) < C, for all (p ^ B. 
Moreover, by lemma 2.2, for the chosen e and (tj), there exists K CC M*^ such that 

' , , < — n-;7Ti r for d\\ a eW, x e W^\K and io e B. There exists no such 

T,M„ - 2(1 + ll^llioo) , \ Y 

that K CC int/Tno and C||6'||(t^./2)/2"" < £:/2. So, for n > no, we have 

|D"T„(y.)(x)-DXx)| 



< |l-e(x/2")|'^"^^^)' ^ ^ fa\\D^9{x/2n\\D-~^^{ 



^0 



^ g ||^||fe/2)||<^||fe/2) ^ 
- 2 2" ~ ' 



that is T„ — Id G /A{B, V), for all n > no- Thus, Id belongs to the sequential closure of 



If is a complete l.c.s., by proposition 2.2, proposition 1.4. of [8] and (1), we have the 
following isomorphisms of l.c.s. 

Let be a complete l.c.s. Define the space B^^^^^ (M'^; as the space of all smooth 
i?— valued functions ip on so that 

i) for each continuous seminorm q oi E and (tj) G $K there exists C > such that 
= sup sup q 

a&N'' xeR'' \ -Latvia 

a) for every e > 0, (tj) G and q a continuous seminorm on E, there exists CC M"' 
/ D°'u)(x)\ 

such that g I ' < e, for all a G N"^ and x G R'^\K. 

We equip B^^^^^ {W^]E^ with the locally convex topology generated by seminorms q{tj)-i 
q are seminorms on E and {tj) G 91. This topology is obviously Hausdorff and hence. 



Proposition 2.3. (M°'; and ^B^*^?} (M"^) eE, are isomorphic l.c.s. 
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Proof. By (2), it is enough to prove that B^^^^^ {R'^; E) = (^E'^.B^^^^^ (M'^)). Let (f G 

^{Mp} (^^d. E),e' e E' and <pe'{x) = (e', (p{x)),x G R'^. Clearly, ip^' is smooth and D'^ip^, = 
(e', D'^if). Let (tj) e ^ and 5 > 0. Then 



and there exists i^T CC R'^ such that g (D"(/?(x)/(T^M^)) < e/Ci, for all a G N"^ and 
X E R'^\K. Similarly as above, one obtains that \D°'Lpe'ix) \ /(TaMa) < e for all a G N"^ 

and X G R'^\K, i.e. <^e' e S^*'^"^ {R'^). Let G S^^^''^ (M'^; and observe the mapping 
T^:E'^ B^^'r'^ {R"), e' ^ T^(e') = ^e'- 

X eR'^, a E N'^j. We will 



We prove that E C (^E'^^M^"^ (R'^)). Let A = 



prove that A is precompact in E. Let U = {e E -E'|gi(e) < r,...,qn{e) < r} be a neigh- 
borhood of zero in E. For the chosen r, (tj) and there exists K CC R'^ such 

that qi{D''ip{x)/{TaMa)) < -, for all a E N'^, x E R'^\K and / = Moreover, 

there exists C > such that qi^(^tj/2){'^) < for all / = l,...,n. Take s E Z+ such that 

1/2" < r/(2C). Then, if |a| > s, we have qi (D°^(x)/(r„Ma)) < ^ for all x E R'^. The set 

A' = |d"(/?(x)/(Tq,Mq,) X E K, \a\ < s| is obviously compact in E. So, there exists a finite 
subset B'q of A' such that A' C fi^ + [/. Take a;i G if, G R'^XK and let /3 G N'' be a fixed 
c/-tuple such that > s. Consider the set Bq = Eg |J {D^y?(xi)/(r^M^), (/^(xa)} C A. If 
|a| < s and x E K, D"" ip{x) / {TaM a) E Bq + U. If |a| > s and x G A', we have 



D''^{x) D^<p{xi] 



<qi 



fD^vix,: 



< r, / 



n. 



Also, if X G R'^\K and a E N"', we have 



qi 



<^(a;2) < qi 



+ qi {vM) <r, 1 = 1, 



We obtain that A (1 Bq + U . Thus, A is precompact. 

Let V = E B^'^^^^ iW'-) \ \\i}j\\(^tj) < be a neighborhood of zero in i^^^'^f^ Because 
A is precompact and E is complete l.c.s., A - the closed convex circled hull of A is compact. 
Let W = (^l/eA^ (° means the polar). Let e' G W. Then 



\D»T^ie')ix)\ _ 
and the continuity of follows. 



< e, a eN'^,x E 
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Now we prove that the topology ofB^^'"^ {R'^; E) is the induced topology from [E'^, B^'^'^"^ {R'^) 

when we consider it as a subspace of the latter by the injection ip i— )■ T^. Let M.{B, V) be 

a neighborhood of zero in [e'c^ ^gi^pi (M'^) where V is as above and B is an equicon- 

tinuous subset of E' . Let [/ = {e G E\qi{e) < r, ...,g„(e) < r} be a neighborhood of zero 
in E such that |(e', e)| < e, when e G t/ and e' G -B. Let 

Then, for e W, _ G f/ for all a e N'^ and x G M''. Hence, for e' G -B, 

TaMa 

|L'"T^(e')(x)|/(T„M„) < e, a G N^x G i.e. G for all if e W. 

Conversely, let W he a neighborhood of zero in B^^^^^ (M'^; E^ given as above. Con- 
sider U as above and B = U° . If ^9 G and e' G B, then ||T(^(e') 



< 1. Let 



^ = 1^ G ^^^^^^ (M'^;E) lll^ll(t^) < l} and G = M{B,V) H |t<^|</? G i^^*^''^ (M^;E)|. Let 

< 1. So, we have 



G G. Then, for all e' G 5, r^(e') G V, i.e. ||T^(e' 



e' G 5. 



We obtain that, for all a G N"' and x G W^, e B° = U°° = U. But this means that 

if G W. Hence, we proved that t— )■ T<^ is a topological imbedding of B^'^''^^ (W^; E) into 
£e (^B'^, B^^^p^ (R'^^^. It remains to prove that this mapping is a surjection. By theorem 1.12 

of [8], (R'^) eE = (^E'^, B^^^^^ (M"')) is identified with the space of all / G C (M'^; E) 

such that: 

i) for any e' G E', the function (e', /(■)) is in (M"^); 

ii) for every equicontinuous set A' in E', the set {(e', € is relatively compact 

in M^^^^ (M'^). 

Every such / generates an operator L' e C [e'^, B^"^^ [R'^)^ by L\e'){-) = fe' = (e', /(■)), 
which gives the algebraic isomorphism between the space of all / G C (M°'; E) which satisfy 
the above conditions and C (e'^^B^^^^^ (R'^)). We will prove that every such / belongs to 



^{A/p} ^^d. obtain the desired surjectivity. So, let / G C (M''; E) be a function that 

satisfies the conditions i) and ii). By the above conditions, fe' G B^'^^p^ (M'^) C {R'^), 
so, by theorem 3.10 of [8], we get that / G S^^'^p^ (M'^;£'). Hence / is smooth i?- valued 
and from the quoted theorem it follows that D"'f(,'{x) = {e' , D°' f (x)) . Let (tj) G Dl. Then 



, D-fjx) 



D'^fe'ix] 



< 



fe 
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So, the set 



a E N'^, X G M"^ j- is weakly bounded, hence it is bounded in E. Let q 

be a continuous seminorm in E and U = {e E E\q{e) < e} in E. There exists C > such 
that q (D°/(x)/(Tc,M«)) < C, for all a G N"^ and x G W^. Since A' = is equicontinuous 

set in |/e'|e' G v4'| is relatively compact in ^■t^^pj' (R"'). By lemma 2.2, for the chosen 
(tj), there exists A' CC such that D^^f^^x) /{T^M^) < 1, for all a G N'^, x G M"'\A: 

and e' G A'. We obtain that, for a G N"^ and x G R'^\K, e = U°° = U. 

But then, q {D"" f (x) / {TaMa)) < e, for all a E N'^ and x G^M'^J'S:. We obtain that 
f E B^^'p^R'^; E) . □ □ 



Hence, if we take E = B^^^^^ (M'"), we get. 



(3) 



Proposition 2.4. -B^^^^^ (R"'i+"'2) ^ B^^^^^ (M"'i) (M'^^). 

Proo/. By (3) it is enough to prove B^^'^^ (M'^i+^'a) ^ B^^^^^ (m'^^-B^^^p^ {R'^^)^ Let / G 



^{Mp} J^Kfl!i.^{A/p} (Kfl!2^j, Put ip{x,y) = f{x){y), X E R'^^y E R'^\ One can prove in a 
standard way that ip is smooth on M"'i+'^2 g^j^^ ^hat D'^D^^ip^x^y) = (D"/(x)) {y) for 
all a E P E and (x,?/) G R'^^+'^\ Let (tj) G 0^ and a G N'^S /3 G N'^^ ^nd 
(x,i/) G Then 



DZDl^{x,y)\ 



< 



D^fix) 



< 



sup sup 



D"/(x) 



which is a seminorm in 

^{A^p} (M"'i;^{A/p} (M"!2U_ Moreover, if e > 0, then there exists 



Ki EE R'^^ such that sup sup 
D-f{x) 



< e. In the proof of proposition 2.3 we 



proved that A 



a G N'^S X G M'^^l is a precompact subset of B^'^'^p^ 
by lemma 2.2, for the chosen (tj) and e, there exists K2 CC M'^^such that 

\D^AD^f{x))iy) 



So, 



<e,aE G N'^^xE R'^\y E R'^^\K2. 



Then 



\D^D^y^{x,y)\ 



< e, (x, y) E R'^'^'^'XK, K = Ki x K2,a E N'^', f3 E N'^^ 
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Hence, we obtained that E B^'^^^^ (W^'^'^'^'^y and that the injection 



is continuous. 

Now, let G (M'^i+'^2). Let / be the mapping x ^ f{x) = ip{x,-), — > 

jg{Mp} ^]^d2y Again, by the standard arguments we have that / is a smooth mapping of 

R'^' into B^^'^^ {R'^''). Moreover, /^"/(x) = Z^Xx, ■)• Let (tj), (tj) G Dl. By lemma 1.1, 
we can choose (t'j) e D\ such that t'j < tj, t'j < ij and T^^^ < 2J+'=Tjr^, for all j, k e N. 
Because 



< 



< Co\W\\(t'J(2H)), 



for aU aen'^\ 13 e and (x, y) E R'^i+'^^ we get 



sup sup 



< Co||v2||(t'/(2J/))- 



Let (tj), {tj) e IH, e > be fixed and choose (t'j) G as above. Denote t'- = t'j/{2H). 
Then there exists K CC M'^i+'^a such that 



Co 



Let Ki be the projection of K on 



Then i^i is a compact subset of and if 



X G is fixed, by the above estimates, we have that 



D^fix) 



< e, for all 



a 



G n'^K Because x G R'^'\Ki is arbitrary, it follows that / G B^^^"^ (R'^^-B^^^p^ (M^^^j^ 

From the above estimates, it follows that the mapping ^ ^ f, B^^^'^^ — y 
]§Wp} ^M'^i; iji^^p} (M'^^)^, which is obviously injection, is continuous. Observe that the 
composition in both directions of the two mappings defined above is the identity mapping. 



3 Existence of convolution of two Roumieu ultradis- 
tributions 

We follow in this subsection the ideas for the convolution of Schwartz distributions but 
since in our case the topological properties are more delicate, the proofs are adequately 
more complicate. 
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We define an alternative I.e. topology on V^^''^ such that its dual is algebraically 
isomorphic to f)'^^^^^ (c.f. [11] for the case of Schwartz distributions). Let g & Cq (M'') (the 
space of all continuous functions that vanish at infinity) and (tj) G D\. The seminorms 



g{x)D''if{x)\ ^ ^ 



V9At,)[}p) = sup sup — — , if G P^co 



generate I.e. topology on vj^^^ and this space with this topology is denoted by Pj^if''^ 
Note that the inclusions P^tf"^ — > vfi"^ and V^^^^^ — > vfi"^ — > are continuous. 

Lemma 3.1. Let P{D) = Xlo Cq-D" be an ultradifferential operator of class {Mp}. Then 
P{D) is a continuous mapping from vj^ri^^ to vj^J.^^ 

Proof. We know that Cq are constants such that for every L > there exists C > such 
that sup |cq,|Mq,/L'"' < C. So, by lemma 3.4 of [8], there exists (rj) G !H and Ci > such 

a 

that sup \ca\RaMa < Ci- Let g & Co and (tj) G 9^. Take (s'j) G 9^ such that s'j < rj and 

a 

s'j < tj {Sk < Tk,Sk < Rk)- By lemma 1.1, there exists {sj) G 9^ such that Sj < s'j and 

Sj+k < '2^^^SjSk, for all j, A: G N. Then, for ^ G v]^i^\ we have 
\g{x)D'^ {P{D)^{x))\ 

^\cp\\g{x)ir+^^{x)\ ^ ^ S^+pM^+p 



< CoCiP3,(,^/(4/f))(^) ^ ^\a\ + \p\T ff - C'2P3,(.,/(4//))(<^), « G N'', X G 



nd 



Note that we can perform the same calculations as above without g, from what it will 

follow that P{D) is well defined mapping from vj^^^ into V^^^^^ and by the above, it is 
continuous. □ □ 

Denote by (v['!i''^^ the strong dual of vl'H''^ By the use of cutoff functions one 



Lemma 3.2. V^^^p^ is sequentially dense inVj^o^^^ In particular, the inclusion ('P^^^''^ 



obtains the next lemma. 
2)'{^^p} is continuous. 

Lemma 3.3. The bilinear mapping {ip, ip) h- )■ (.pip, V^J^''^ x vj^J,^^ — > vjf^''^ is continuous. 
Proof. Let g E Cq and (tj) G 9^. Obviously, g{x) = \/\g{x)\ G Cq. Let (p,ip & v\^£^\ Then 
\g{x)D'' {y^{x)i;{x))\ ^ fa\ \gix) \ \Df^ip{x) \ |D°-V(a;) 
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□ □ 

Proposition 3.1. The sets f)'^^^^^ and {t)')^If^^ are equal and the inclusion ^^'j^^' 



p/{Mp} continuous. 



Proof. Since, B^'^^^^ is continuously and densely injected in 'Pj^tf''"'^, it follows that the 

injection {t>]^^^^ — )■ T)'^^^^ is continuous. Let T G V'^^ ^^'K Then, by theorem 1 of [13], 

there exist an ultradifferential operator P{D), of class {Mp} and Fi,F2 G such that 
T = P{D)Fi + F2. Let if G V^^^^\ Then 



|(P(D)Fi,^)| = |(Fi,P(-DV)| 



Fi{x)P{-D)ip{x)dx 



Because -Fi G C (integrable measures), by proposition 1.2.1. of [11], there exists 



gi G Co such that 



Fi{x)f{x)dx 



< foi' all / G BC {BC is the space of 



continuous bounded functions on M'^). Let {tj) G fH. We obtain, by lemma 3.1, that for 
some gi G Co, {t'j) G 9^ and Ci > 0, 

\{P{D)F,,^)\ < ||(^iP(-D)^||z.^ <p,,,(,^)(P(-D)^) <Ci|)^,,(,,)(^). 

Similarly, there exist ^2 G Co, (tJ) G 9i and C2 > such that |(P2,</5)| < C2Pg2,{t'j){<^), for 
all G V^^^p\ By lemma 3.2, T G f^Piif''^)'. □ □ 



Lemma 3.4. Lei S", T G P'-t^^f > (M*^) are s«c/i i/iai, /or every if G D^^^f > (M'^) , {S(g)T)(f'^ G 

^^2d^^ ^ . 2?{A/p} (^d) — y (vl^Ir'^y (M^'i) (ie/^ne(i by F{if) = {S T)if^ 

linear and continuous. 

Proof. By proposition 3.1, {S®T)^^ G (vl^l^^^ (M^'^) for every ^ G V^^^^^ (M'^). Because 

-pi^-^p} is bornologic, it is enough to prove that F maps bounded sets into bounded sets. 
Let P be a bounded set in V^^^p^ [W^). Then, there exist K CC M.'^ and h > such that 

B C x>^^^^''^ and B is bounded there. It is obvious that, without losing generality, we can 
assume that K = K^d{0, q), for some g > 0. Take x ^ V^'^^p^ such that x = 1 on i^' and 

outside some bounded neighborhood of K. Then, for ip E B and ip G f)')^^^^ (M^'^), we 
have 

{{S ® T)(^^, ij) = {{S® T)x V, i^) = {{S® T)x^, y^^^> , 

where, in the last equality, we used that {S®T)x^ G {vfi"^^' (M^'^) and ip^ G V^j^l^^ (M^'i) 
when V9 G D^^^f > (M'^) . Let G Pi for some bounded set Pi in f'^^''^ (M^'^) . Let 51 G 
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Co {R'^'^) and {tj) e 9^. Then, for (/? G 5 and ^ G Si, we have 

a\ f(3\ \g{x,y)\ \D^'+'ip{x + y)\ \D^-'D^;-'ij{x,y)\ 



< 



< 



7<a 
5<I3 



7<a 
<5</3 



Since pK,h{'^) and Pg,(tj/2){'^) are bounded when ip E B and ?/' G the set 

G P[if''^ (M^-^) 1^ = G 5, ^ G 5i| is bounded in vl^^"^ (M^'^). This imphes that 

{{S ®T)ip^,ip) = {{S ^T)x^,ip^^p) is bounded, for G 5 and G Bi. Thus, = 
(S* O T)./?"^, v3 G 5 is bounded. □ □ 

Definition 3.1. Let S,T e V'^^^p^ (R'^) are such that for every (p G V^^^^p^ (M"^), {S ® 
T)(^^ G V'}^^'^^ (M^rf). De/ine i/ie conw/^iizon of S and T , S * T e P'^^^''^ (M'^), &?/ 



(5*r,v^) = ™,}y ((5®T)y.^,l)^{M,>; (l(x) 



1 G P 



For every a > 0, define the space supp ip C Afl I , where 

= {(2^,2/) G M^'^||x + y| < a}. With the seminorms ||</?||(tj) (now over M^'^), isi^^''"^ be- 
comes a Lc.s. Define the space B]^^^^ = lim B^^^^^ where the inductive hmit is strict; 

a— >oo 

^i^p} ^ l.c.s. because we have a continuous inclusion ^B^*^*"^ — > S^'^^ph 

Lemma 3.5. Let a > 0. Then v)^'j^ (M^^) = G V^^^p^ (M^'^) |supp(^ C A„} is sequen- 
tially dense in bI^^^K 

Proof Let ^ G Si^^^K Take x e ^^^^''^ (K^*^) such that = 1 on i^iR2d(0, 1) and 

X{x,y) = out of i^B.2d(0, 2). For n G Z+, put Xn(a;,2/) = x{x/n,y/n). Then = Xn</5 G 
pg^p} (^2d^ n G Z+. Let (tj) G 9^. We have 

\D-D^^^{x,y)\ 



< - X{x/n,y/n)\ 



+ E 



7<a 
5</3 



a\ y/n) \ |Dr^Dg-V(x, | 

7/ nl7l+|5lT„+^M„+^ 
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By lemma 1.2 and by the way we chose Xi it follows that the above two terms tend to zero 
uniformly in (a:, y) G M?'^ and a, /3 G N*^ when n — )■ oo. □ □ 

Because V^^^^^ {W^'^) = |J ©i*/"^ (R^'^), by lemma 3.5, it follows that V^^'^^^ (M^^) is 

aeM+ 

dense in Bj^^''\ Moreover, one easily checks that the inclusions B^^''^ — )■ S^^^''^ (M^'^) and 
p{Mp} ^^2d^ — ^ j^iMp} continuous, hence, the inclusion (^13^^'"^^ — > V'^^^r>} (^ad^ 

continuous {(^B^^''^^ is the strong dual of B^^^^). 

Theorem 3.1. Let S,T E V'^^'^^^ (M'^). The following statements are equivalent: 
i) the convolution of S and T exists; 

Hi) for all if E V^^p^ [R'^) , {(p* S)T E V'^^^"^ (M'^) and for every compact subset K 

ofW^, ^{{if*S)T,x), T^K^"^ X 'B^*^''^ M — >C, IS a continuous bilinear 

mapping; 

iv) for all if E V^^^^^ {W^), {ip*f)S E V'^^^"^ (R'^) and for every compact subset K 

ofR'^, {ip,x) ^ {{v*f) S,x), T^]^"^ X ^^^^"^ M — >C, IS a continuous bilinear 
mapping; 

v) for all if,i)E V^^^r>} (m^) ^ {if * S) {ip * T) E (M'^) . 

Proof i) ii). Let a > 0. Choose if E V^^^^^ [R'^) such that (/? = 1 on K^d{0, a) and (f = 
on the complement of some bounded neighborhood of this set. Then, there exist (tj) E 

and C > such that \{{S ® < CU\\(t,) for all ^ E I^if^^ (R^'^) C B^^^p} (r2'^). 

Since ((^®T)</?^,7/;) = {S®T,ip^tp) = ® T, t/;) , it follows that \{S0T,iP)\ < C\\ij\\(^t,) 
for all E V^^/^ (R^-^). By lemma 3.5, it follows that S®T is a continuous linear mapping 

from Bi^^^^ to C. Hence S^Te (i^i^^^^)'. 

ii) =^ i). Let ip E V^^^p^ (R'^) with support in -^'^^(O, a) for some a > 0. Then, for that 
a, there exist (tj) G and C > such that |(^®T,^)| < C\\tp\\(t^) for all ip E isi^^^^ Let 
^ e V^^^p^ (R^*^). Then cp^ip E v]^^"^ C ij^*'^^^ and by lemma 1.3 
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for some (t'j) G 91 and C > that depend on (p and (tj). Thus, {S ® T)(p^ e V'^^^'K 

ii) =^ in). Let F and i^i be compact subsets of M*^. Take to be a compact set in M*^ 

such that F CC intK and let ^ e v\^J^ , ip e V^^'^^^ and x e T^^^'^^ i^"^)- Then 



There exists a > such that supp (p^{x, y) * x) iu) ^ ^a, for all G vj^^^\ tp G V^^^^ 
and X e pi^^f} (R'^). Then, for that a, there exist (tj) e and Ci > such that 
\{S^T,e)\< Ci\\e\\^t,) for all e e Bi^^^\ So we obtain 



; ( * 5) T) * ^, X> I = Ci y) (V; * x) (y) \ 



We have 



\D^D^^{p>^{x,y){tP*x){y))\ ^ J^f/3\\D''+^~'^{x + y)\\D'{^^,*x){y)\ 



5<I3 



f3\\D' {^*x) iy)\ 



S J 2\'^\+m-\^\TsMs 

< |/^|||v^||(*,/2)H'llfe/2)||xl|L^- 



Hence |( ((^ * 5) T) * ^, x> | < Ci|Al||^||(,^./2)||^||{t,/2)llxl|L-, for all ^ e V^^j\ G 
V'f"^ and X e ^^^^^''^ M- Thus, (((^*5)T) * G Since ( ((^ * 5) T) * ^/^ G 

(^^d^^ follows that (((^ * 5) T) * G L^. Let G pj^^^^^ be fixed. Then the map- 
ping t\} ^ {jyp> * S) T) * "tp ^ vj^^^^ — y V'^^^p^ is continuous and has a closed graph. Since 

iS) T) * tp G and if we consider the above mapping from vj^^''^ to L^, it has a 

closed graph and so, it is continuous. {L^ is a (5) - space and V^^^^ is a (DFS) - space.) 
Hence, there exist (rj) G 91 and Ci > such that 

||((^*s)r)*^||^, <Ci||^||^,(,^,). (4) 

By lemma 1.1, we can assume, without losing generality, that (rj) is such that -Rj+fe < 
for all j, ken. Let r^- = rj/{2H) and ^ G ^^^f,..)- Then, there exist G V^^^^\ 

71^1.+ such that — ^ ^ in vf'^^^y The mapping ^ {[^ * S)T)*9, V^^.^^^^^^ — y V'^^^"^ 
is continuous. So, if ipn £ vj^^^^ tends to 6^ G T^^^^^^') topology of T^^^^f^^.^ then 

(((^ * ^) T) * ^„ — ^ ((^ * ^) T) * ^ in By (4)', we have || ((^ *S)T)* < 

C'i||'i/'n||ic,(rj)- So, ((v? * iS) T) ^'i/'n is a Cauchy sequence in L^, hence it must be convergent 
and it must converge to T) * 9, because it converge to that ultradistribution in 

p'{A/p}_ Consequently, {{cp * S) T) * 9 G for all 9 G and if we let n — ^ oo 

in the last inequality, we get ||((v?*5')T) < Ci||6'||/^ (r^,), for all 9 G Vp'^^,y By 
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corollary 1 of [13], it follows that {ip* S)T e V'l^"^ . Now, we prove that the mapping 

{^^ X)^ {{V*S) T, x), V]^^^"^ iW^) X {W^) — > C, is continuous, for every compact 

set K. There exists a > such that K CCRd (0,a). Take 9 G "D^^^f^ such that 6* = 1 on 
i<']Rd(0, a) and ^ = on the complement of some bounded neighborhood of this ball. Then 
(^A^A _ ^ g Let e V^^^"^ and x, ^n, e n G Z+, such that 

— )■ 5, when ?7, tends to infinity, in S'^^^^^ . Then 

((<^*5)T,x> = Jim (((<^*5)T)*V^„,X> 

= hm {S ® T, <^^(x, y) * x) (z/)) = ® T, <^^(x, y)x(2/)> 
= {S®T, if\x, y)e^ix, y)x{y)) = {{S ® T)^^, U ® xiv)) , 

where the last tow terms are in the sense of the duality (v\fl''\ {v^^"^^"^. Now, let 

X e B^^^^^ (M'^) and take G V^^^^^ {R'^) such that ^jj = 1 on K^d{0, 1) and -0 = out 
of K^d{0,2). Put ipn{x) = ip{x/n), n G Z+, and Xn{x) = ipn{x)x{x). Then, one eas- 
ily checks that 1^ O Xn{y) — > Ix ® xiv) in vfl"^ (K^'') ,n — ^ oo. Because {ip*S)T e 
{Vfl^^"^ (M'^) = V'}^'^^ (M^) and (^®T)<^^ G (pii'"^)' (M^^^) = P^^f''^ [R^") (c.f. propo- 
sit ion 3.1), we have 

((<^*5)T,x> = lim (((p*5)T,x„>= lim ((5®T)(^^,l,.®Xn(y)> 
= {{S® T)v^, U ® X{y)) , V e X G i3^^^''> (M'^) . 

Also {S®T)e^ G (^:D[i^''^y (M^*^) and by the construction of ^, {S®T)e^ip^ = {S®T)ip^. 
Hence 

( * 5) T, x> = ((5 ® T)^^, ^^(x, y)x(2/)> , V G X G (M'^) . (5) 

Since the bilinear mapping 

(^(x),x(2/)) ^ v^{x,y)x{y),v\,''^^ X (M'^) ^ (r2^) 

is continuous and {S ® T)6''^ G ^^{^tf^^j (M^*^), it follows that the bilinear mapping 

(^(x),x(2/)) ^ ((5®T)^^,^'^(x,y)x(2/)>,2^;f''^ X (M'^) 

is continuous. Hence, by (5), we obtain the desired continuity. 
ii) =^ iv) The proof is analogous to ii) =^ Hi), 
ii) v). Let K CC R'^ and let </?,^ G v\^'^''\ x e V^^^p\ Then 

((^*^)(7A*T),x> = {{S{x),^{x + t)){Tiy),^{t-y)),x{t)) 
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{{{S ® T){x, y)) ® It, ip{x + t)ip{t - y)x{t)) 
{S ® T)(x, y), / ^{x + t)ij{t - y)x{t)dt) . 



Let 6{x,y) = / (p{x + t)ip{t — y)x{t)dt. Let a > be such that K CC K^d{{i,a). One 

prove that supp^ C A2a- Now, because (p,ip & V^^^\ there exist hi,h2,Ci,C2 > such 
that |L'°<^(x)| < Ci/ii"'M„ and < Ca^^'M^. Let {tj) e We have 

\D^DPye{x,y)\ ^ r \DMx + t)\\D^Ht-y)\\x{t)\ ^^ 



< llxlk- / 77 — -at <CiC2Cs\K\\\x\\l<^. 



It follows that the mapping x^ ^{x+t)ip{t-y)x{t)dt, Co (M'^) — > ''^ is continuous 
i.e. this mapping is continuous as a mapping from Cq (M'^) to b]^''\ But, S'®T G 



so the mapping 

X^ (^{S(^T){x,y), j^^^{x + t)ij{t-y)x{t)dty Co (M^) C, 

is continuous. Since {^ip * S) {tp * T) E Ai^ and it belongs to £^^^p\ it follows ((/^ * S) (tp * 
T) e L^. 

zm) i). Let G V^'^^p^ {R'^) and let A' CC M"' such that suppv? CC intiT. 
By the assumption, the bilinear mapping 

(^(^{ipif) * S) T,x), is continuous. Hence G extends to a linear continuous mapping, G, 

on the completion of the tensor product V^^''^ ^B^^'p^ (R"') [vj^^^ is nuclear and the vr 

topology coincides with the e topology). Let 6 G vj^^''^ be a function such that 6' = 1 on 

supp^?. Then, the mapping F : B^'^^p^ (M"') — y v\^^^\ F{x) = Ox is continuous. So, the 
mapping 

is continuous and by proposition 2.4, we have the continuous extension F^^Id : B'^^'^p^ (M^'^) - 
V^^^^^^B^^^p^ iW^). Thus, we have the continuous mappmg 

G : ^^''p^ [M?") Vi^'^^^j^^'p^ (M-^) 4 C, 

i.e. G G V'^^^"^ (M2d). For V^, x G V^^^p^ {R'^), 
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Let be the linear transformation Q{x,y) = (x + y,y) and denote by the hnear 
operator Qf{x',y') = f o Q{x,y) = f{x + y,y). It is obviously an isomorphism of 
p{A/p} (K2d^ ^{A/p} ^^2d^ ^ hence, the transposed mapping *0 is an isomorphism 

of p'{^p} (M2d) and of py^''^ (M^'^). It follows that Giip^x) = {{S ® 0(V^ ® x)) = 

^*0 {{S (S) T)ip^) , ^ ® x)- Because V^^^^^ (M^) ^P^^^''} (M'^) is dense in V^^^'^^ (R^'^) , G = 

*0 ((5 ® T)^^) in r-'^^^^J (M2^). G G (M^^), so *0 {{S ® T)v9^) G P^^'^'''^ (M^^), i.e. 

(5 ® T)^^ G ^D^f'''^ (M^'i). 

if) =^ i) The proof is analogous to the previous one. 

v) =^ i). Let K and Ki be compact subsets of Mf^ such that Ji"! CC inti^ and both sat- 
isfy the cone property (for the definition of the cone property see [7], p. 614). Observe the 
mapping G : vj^^"^ x vj^^"^ — > M\ G{ip,ip) = (ip * S) (i) * T). Note that the mapping 
ip ^ [ip * {tp * T) is continuous from vj^^^^ to V'^^^p^ and hence, it has a closed graph. 
Because is a (B) - space and 1)]^*^^^ is a (DFS) - space, from the closed graph theorem, 
it follows that G is separately continuous in ip and similarly in ip. V^^^^^ is a (DFS) - 
space, hence G is continuous. It can be extended to a continuous mapping, G, on the 
completion of the tensor product V^j^^"^ ^vj^^''^ Since vj^^"^ ®v\^^^^ = v\^^^l (theorem 

2.L of [7]), the mapping V^^^l x Cq [W^) — ^ C, (/, 0) (G(/), 0), is continuous because 
it is the composition of the mappings 

Vf;l X Co [W") ^ M' {R') X Co {R') H C, 

where the last mapping is the duality of Co and Ai^. Hence, the mapping v]^^ x 
jg{M,} ^^d^ — ^ (^f^^-j ^ (G'(/),x), is continuous. So, this mapping can be extended to 
G on the completion of the tensor product V^!^^^B^'^'^p\ Take 6 G V^^^^ such that 6' = 1 
on Ki and put ^i(a;) = e{x) and ^2(y) = ^(y)- Because ^ ^1^2^, -B^*'^''^ {R^'^) — > ^^S. 
is continuous, the mapping (g) ip ^ ^1^2^ ® -B^^^^^ (K^'^) ®, (M'^) — ^ ^^t^x'i ®^ 

^{A^p} ^j^rfj jg continuous and it extends to a continuous mapping V on the completion of 
these spaces. By proposition 2.4, the composition G oV is continuous from B^^^^^ (M^"^) to 



C. That means that there exist (tj) G 9^ and Ci > such that G o V{f) 
all / G (M^'^). Let e r'^*^*'^ (M"^), then 



<C^i||/ll(t.),for 



GoV{^^iP(gx) = G{eiip®e2'ip®x) = {{{Oiip)*s){{e2ip)*T),x) 

= {{S{x) ® T{y)) ® li, d,{x + t)(^(x + t)d2{t - y)V;(t - 2/)x(t)). 
By nuclearity and theorem 2.1. of [7], we have continuous dense inclusions 
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So, for ^ E V^^^p^ (M^d)^ there exists a net (^^ E [V^^'^p^ (M^) ® V^^^^^ (M^)) ® P^^^^^ (M'^) 

such that ip^ — )■ (f in P^^^p^ (M^'^). But then the convergence holds in B^^^^ (M^'^) and, 
for if E V^^'p^ (M^-^f) , 

G o V{(p) = {{S{x) ® T{y)) (S) U, e,{x + 1)62(1 - y^x + t,t-y, t)). 

Let (p E (R'^), Ki = K^d{0,a), where a > is such that suppv^ CC intJ-ri. Let 

K = K^40,a + 2) and K' = K^40,a + 1). Choose 9 E V^^"^^ {W^) to be equal to 1 
on K' and has a support in intA'. Take ji E P't^^pj' {W''^ with support in the open unit 

ball and / fi{x)dx = 1. Let x ^ V^^^^^ (M?^) be arbitrary and consider the function 

f{x, y, t) = ip{x - y)x{x -t,t - Obviously / E V^'^^p^ (R^'^) and 

GoVif) = {{S{x)^T{y))®h,9,{x + t)92{t-y)f{x + t,t-y,t)) 

= {{S{x) ® T{y)) ® 1^, 9i{x + t)92{t - y)^{x + y)x{x, y)fi{x + t)). 

By construction 9i{x + t)fi{x + t) = fi{x + t), for allx,t E M.^. Let x,y,t E M.'^ are such that 
ip{x + y)fi{x + t) 7^ 0. Then + < a and \x + t\ < 1. So, \t — y\ < \x + y\ + \x + t\ < a + 1, 
hence 92{t — y) = 1. We have 

GoVif) = {{S{x)®T{y))^U,if{x + y)x{x,y)fi{x + t)) 

S{x)®T{y),(p{x + y)x{x,y) fi{x + t)dt 

= {{S{x)®T{y))^^{x,y),x{x,y)). 

One easily obtains the following estimate for the derivatives of /: 

\D-DP^D]fix,y,t) 



< ll<^llfe/4) 11/^11 11X11 (i,/4)- 



Hence, 



\{{S{x)®T{y))ip^{x,y),x{x,y))\= GoVif) < 

< Ci||v^||(,,./4)||/i||fe/4)llxllfe/4),X G V^''^^ {^'') . 
Since V^^^p^ (M^'^) is dense in (M^^) , the proof follows. □ □ 

Remark 3.1. Let x £ V^^'^p^ (W^) is equal to 1 on the K]^d(0,l) and has a support in 
i^Kd(0,2). Put Xn{x) — x{x/n), n E // for S and T the equivalent conditions of 

the above theorem hold and E V'^^^p^ (IR*^) , then, similarly as in the proof of ii) =^ Hi), 
we can prove that (^(^ip * S) T, Xn) = {{S (g> T)(p^, 1^ ® Xniy))- But then, by construction, 
Xn — > \ m V'^^i"^ [W^) and 1^ ® Xniv) — > lx,y m pj^t^''^ (M^^i). Eence {S *T,ip) = 
((5®T)(^^,l) = {{if* S)T,l). Similarly, {S*T,ip) = {{cp * f) S,l) . 
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